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Lag Operators and First-Order
Difference Equations

1 A Couple of Series Results

A necessary condition for an infinite series

o0

ch:co+cl+02+...+cn+...
j=0

to converge is that

limen = 0.

n—o0

In other words, if the nth term of a series does not go to zero as n — oo, then the

series diverges.
A convergent infinite series commonly appearing in economic models is a geo-

oo .
metric series of the form > A, where |A| < 1. In this case
=0

MN=S,=——.
2 Ty

Proof -

Consider the first n terms of S,

n—1
S, = Z N
j=0
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where recall that \° = 1.
Now subtract \S,,

S, —AS, = (1=X\)S,
= AN N A AN NN
= M- XN =(1-\").

Hence we find

(1= 28, = (1- A7)
and therefore that

(1= ")
TSy

which gives the partial sum of the first n terms (the finite sum of the geometric

Sp =

series). This result holds for any value of \.
Further, when as postulated |A| < 1, then lim A" = 0, and the series converges

n—oo

to

hﬁi’lES‘”: =N

Note that the foregoing implies

S R G LR . D

(1=2)

2 The Lag Operator

The lag-lead operator, L, is defined

LOXt - Xt7 LXt - Xt—h LnXt - Xt—n
L_lXt = Xt+1, ...L_nXt = Xt+n

where n is any integer and L° = 1.



Positive values of n define lags, negative values define leads. Note that the lag

operator may be treated algebraically. For example:

(1 - L) (]_ - L) Xt - AXt - AXt_l
= (1-L)’X;=(1-2L+L* X,
= X; —2X; 1+ Xy

and so forth.

2.1 Lag Algebra

Since the lag operator may be treated algebraically, the results above map onto it.

For example:

DALY = (VLO+ NL' 4+ XL+ .+ A°L™)

J=0

= Y] —1)\L) =(1-AL)"".

Note also that
(1—=AL)""(1—=AL)=1.0

conforms to the expansion

STALY (1 =AL) = XLV MNL'+ VL + . 4 A°L™
j=0

LY AR T I b
= N2 =1.0.

Finally, note that lag algebra applies in like manner to forward (lead) sequences:
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3 First-Order Deterministic Dynamic Models with

Exogenous Input(s)

Consider the first-order model

Y, = a+b) (ALY X,
j=0
= a+bX, +0AX; 1 +ONX, o+ ON3X, 5+ ..
X

— bt
“TVATND

After multiplying through by (1 — AL) we obtain

Y,(1-A) = a(l-\)+bX,
= Yi=a(l—-\) 4\ +bX,

a result that may be confirmed manually by repeated substitution of lagged Y's.
Note that the above expressions hold for any value of the lag weighting parameter
A

I shall assume throughout that {X;};° _ is a 'bounded sequence’, that is,
|X;| < oo for all t. Given that assumption, if |[A\|] < 1 the outcome sequence
{Y;};2 . generated by the model will be bounded.



If the driving variable X is indefinitely held constant at some value, say X,
and if |[A| < 1, the above first-order equation converges, as implied by the earlier

results on infinite geometric series:

Y, = a+by (ALYX
=0

= a—i—bi)\jy
=0

= a+b(\+ XN+ N +.)X

= Y=a+b

(1=2)

where Y is the convergent, steady-state value of Y.

The model may readily be manipulated to show the response of Y to realizations
of the driving variable(s) after some initial period, for example, after period ¢ = 0.
Consider the model in the form Y; (1 — AL) = a (1 — \)+bX;, and multiply through
by (1+ M L'+ L%+ ..+ X7'LI7Y) | which gives:

V(L= AL) - (L+ ML+ XL% + .+ A1)
= a(l=XA) - (T+NL'"+ XL+ .+ XL
+0X; - (L4+ ALY+ N L2 L+ NI

whence

T4+ ML+ N2 4 4 2\t
L N T R T By B
= a(l=X)-(Q1+MNL + L2+ 4N
X (L4 AL+ NL2 4+ L+ ML)



i_ (1-(A0)")

t—
Recalling the result for partial sums, ) (AL) e ARt

1
the expression above
J=0

simplifies to

t—1
Y- (1=NL) =a(1=X)+b) (ALY X,,

J=0

and therefore

t—1
YVi=a(l-=MN)+XNY+bY (ALY X,

J=0

or

t—1
Y, = a+MN(Yo—a)+bY (ALY X,
=0
t—1
= a+MN(Yo—a)+D0) NX,j
=0
fort > 1 and any value of A

where Yj is the initial condition (starting value) of Y.
If the driving variable(s) of the foregoing difference equation had been held
fixed at some value X, = X from period t = 1 to period t = ¢, the foregoing

results imply the solution
(1=X)
(1-24)

which again holds for any value of \. As noted earlier, this result may be obtained

YVi=a+\N(Yy—a)+b X

more tediously by repeated substitution for lagged Y's.



3.1 Solving Lag Models Forward

Recall that in order for the first-order dynamic lag model Y; = a + b(lf(—;\L) to yield
a bounded sequence {Y;},° _ which converges (does not “explode”) when driving
the variable(s) are held at constant value(s), it is necessary that |[A| < 1.

A non-stable first-order difference equation in which |A| > 1 may be solved
forward in time to achieve a stable representation, and conversely. (Forward models
often arise naturally in rational expectations setups.)

To see this, take the “forward inverse” of the lag model by multiplying the

geometric polynomial term of the driving variable by :83:1 (= 1.0). This exercise
evidently shows that an explosive, first-order lag model (A > 1) can be expressed
as a stable, first-order forward model, that is, in terms of future realizations of X;

from period t + 1:

X X —(\L)7!
YV, = a+b——=a+b—r [ ( )]

(1— L) (1-=AL) |—(\L)™*
_ — (L)
= a+b [1 - ()\L)_l] ¢

1\ < /1)’
A = A
1\ /1)
= a—b (—) <—) Xiy14;
A = A
or
[e'e) 1 i
Y, = a—bz<x> Xt j

Given H‘ < 1, the sequence {Y;};° _ is bounded when the input sequence



{Xi}2 . is bounded, as already noted. Using the representation
N\ (1Y
Y,=a—-0 X ; 3 L7 X1,

we see that when when || < 1 and future realizations of X, are held at some fixed

value X, Y; eventually converges to the steady-state value

- o o)

The first-order lag model may also be solved as a finite sum forward projection.

Use the forward representation

V- 1-(OL) ] =a-1-(OAL)']-b(A\L) ' X,

and for 7' > 0 multiply left- and right-sides by

[1 . (AL)—T}

[1 F AL T L) P ()\L)’(T’l)] =T

yielding



VL= 007 e = e 1007

—b(AL)' X, -

Vi 1= 007" = a-[1-27]
b [(/\L)_l + (AL 2+t (/\L)_T] X,

Moving the term — ()\L)fT - Y; on the left-side of the equation above to the right-

side, gives

N7 T 1N\?
+ (X) YZ+T—bZ (X) Xisj

L i Jj=1

1 /1\" 1\ == /1)’
B

Jj=0

You may verify the previous results “manually” by repeated forward substitu-

tion. Note that for 7' = 1, we obtain the first-order lead representation

S RO

which is a form that often arises in rational expectations models, where the right-
side one-period-ahead terms are time ¢ expectations of Y;,; and X;,; : F;Y;,; and
Ei Xy

Note that one can go from a forward-lead solution to a backward-lag solution by

(e
EgVA=eay
ric polynomial term, with boundedness and convergence dependent, as noted al-

applying the “backward inverse” (= 1.0) to the model’s forward geomet-
ready, on the absolute value of A, } and the boundedness of {X;};°__ . Finally, the
basic principles laid out above apply to higher order difference equations/dynamic

models.



4 A Simple Example: A ‘Market Fundamentals’
Model of Asset Prices

Let P be the asset price (say a stock price), and D be the dividend.

Assume the following sequence of action and dividend payment time line: An
investor buys the asset at time ¢ at price P, after any period t dividend (D;) has
been paid, and the investor sells at period ¢t + 1 at price P, after any period ¢+ 1
dividend (D, 1) has been paid ("ex-dividend" prices). I shall assume for present
expositional purposes that the investor’s expected return is constant, Fyr; 1 = r >
0 for all ¢.

The (in this simple example, constant) expected rate of return over any period

equals the expected capital gain plus the expected dividend payout rate

(Py1— P) + D
P,

T:Et

where F; is the expectation conditioned on knowledge of outcomes up to and
including period ¢ (the period ¢ information set).

Now solve for the asset purchase price, P;, noting that under the assumed infor-
mation set E,P, = P,, and that the lead operator is restricted so that L='F, X, =
E; X1 (in other words the lead operator L™, n = 1,2, ...) does not affect the time

t expectation operator Ej.

rP, = Ey (Py1 — P+ Dyy1)

P+ P, = E; (Pg1 + Diya)

(]. +7”) Pt = Et (Pt+1 +Dt+1)

o) K%) (P + Dt+1)} |
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where R = (1+ 7).

Hence

and therefore

- E%

:Etz

which is a overly simplified “market fundamentals” model of asset price, with

price being determined by the Present Discounted Value of the expected dividend

1 1
R — (14r)°

by repeated substitution, keeping in mind the law of iterated expectations,

payment stream, the discount rate being This result may be verified

BB (X)] = E (X)), j=0,

and the restriction mentioned earlier that the conditional expectation operator
dated at the evaluation period t is not affected by the lead operator: L~'FE, X, =
E X1 # Ey1Xi1 and so forth. [To pin down clearly this restriction on the

lead operator, a separate expectations lead operator is sometimes introduced;
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see, for example, Sargent (1987) p.395 who proposes the operator B such that
B "Ey X1 = Ey Xy jin, reserving L to function such that L™"E, X1 ; = Ei 0 Xigjin-
Sargent’s proposal never gained traction and along with others I give L double
duty here by just imposing the side restriction that it does not shift in time the
conditional expectation operator E;.|

Note that for expected dividends held constant at say, D, the asset price con-

1_ 1
R — (1+4r)

is less than 1.0 given r > 0. Using the representation

(3)3(3) vme]

when dividends are fixed at D, we find

verges, since

b =E
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